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CONFORMAL OPERATORS ON FORMS AND DETOUR
COMPLEXES ON EINSTEIN MANIFOLDS
A. ROD GOVER AND JOSEF ILHAN
Abstrat. For even dimensional onformal manifolds several new onformally
invariant objets were found reently: invariant dierential omplexes related
to, but distint from, the de Rham omplex (these are ellipti in the ase of Rie-
mannian signature); the ohomology spaes of these; onformally stable form
spaes that we may view as spaes of onformal harmonis; operators that gen-
eralise Branson's Q-urvature; global pairings between dierential form bundles
that desend to ohomology pairings. Here we show that these operators, spaes,
and the theory underlying them, simplify signiantly on onformally Einstein
manifolds. We give expliit formulae for all the operators onerned. The null
spaes for these, the onformal harmonis, and the ohomology spaes are ex-
pressed expliitly in terms of diret sums of subspaes of eigenspaes of the form
Laplaian. For the ase of non-Rii at spaes this applies in all signatures
and without topologial restritions. In the ase of Riemannian signature and
ompat manifolds, this leads to new results on the global invariant pairings, in-
luding for the integral of Q-urvature against the null spae of the dimensional
order onformal Laplaian of Graham et al..
1. Introdution
Dierential forms provide a fundamental domain for the study of smooth mani-
folds. In Riemannian geometry the de Rham omplex, its assoiated Hodge theory,
and distinguished forms representing harateristi lasses are among the most ba-
si and important tools (e.g. [14, 15℄). In physis the study of forms is partly mo-
tivated by Maxwell theory and its generalisations. Operators on dierential forms
feature strongly in string and brane theories. In both mathematis and physis
Einstein manifolds have a entral position [2℄ and thus they give an important
lass of speial strutures for the study of geometri objets.
Among the dierential operators that are natural for pseudoRiemannian stru-
tures only a selet lass are onformally invariant. Conformal invariane is a subtle
property whih reets an independene of point dependent sale. This symmetry
is manifest in the equations of massless partiles. It is linked to CR geometry
(hene omplex analysis) through the Feerman metri [19℄; the natural equations
on the Feerman spae are onformally invariant. This symmetry also underpins
the onformal approah to Riemannian geometry. For example, it is essentially
exploited in the Yamabe problem (see [36℄ and referenes therein) of presribing
the salar urvature. Reently there has been a fous on variations of this idea,
inluding the onformal presription of Branson's Q-urvature [5, 13, 16℄. These
problems use the onformal Laplaian on funtions (or densities) and its higher
order analogues due to Paneitz, Graham et al. [32℄.
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The use of onformal operators on forms provides a setting where, on the one
hand, there is potential to formally generalise suh theories, but whih, on the
other hand, should yield aess to rather dierent geometri data. An immediate
diulty is that forms are more diult to work with than funtions and so, while
there was muh early work in this diretion (e.g. [3, 4℄), this did not yield a lear
piture. In dimension 4, and inspired by onstrutions from twistor theory, some
rather interesting diretions and appliations to global geometry were pioneered in
the work of Eastwood and Singer [17, 18℄. Links between this result and the trator
alulus of [1, 9, 10℄ were established in [6℄. On the other hand in [11, 27℄ it is shown
that the onformal trator onnetion may be reovered as a suitable linearisation
of the ambient metri of Feerman and Graham [20℄ (and see also [21℄). Exploiting
both developments a rather omplete theory of onformal operators on forms was
derived in the joint works [7, 8℄ of the rst author with Branson. The main point
of that artile was not simply to onstrut onformal operators on dierential
forms, but rather, to expose and develop the disovery of preferred versions of suh
operators and the rather elegant piture that these yield: one may immediately
onstrut, on even dimensional onformal manifolds, a host of new global onformal
invariants. Some of these generalise, in a natural way, the integral of Q-urvature.
For most of these new operators expliit formulae are not available. For any
partiular operator a formula may be obtained algorithmially via trator alulus
and the theory developed in [27, 28℄. However the resulting operators, when pre-
sented in the usual way, are given by extremely ompliated formulae. It turns out
there are striking simpliations when these operators are studied on onformally
Einstein manifolds. The purpose of this artile is to expose this, via a omprehen-
sive but onise treatment, and use the results to study, in the Einstein setting,
the related global onformal invariants and spaes.
To desribe the ontent in more detail we rst review the relevant results from
[7℄ and [8℄. On onformal manifolds of even dimension n ≥ 4 there is a family of
formally self-adjoint onformally invariant dierential omplexes:
(1) E0
d
→ · · ·
d
→ Ek−1
d
→ Ek
Lk→ Ek
δ
→ Ek−1
δ
→ · · ·
δ
→ E0 .
Here, for eah k ∈ {0, 1, · · · , n/2−1}, Ek denotes the spae of k-forms, Ek denotes
an appropriate density twisting of that spae, d is the exterior derivative and δ its
formal adjoint. An interesting feature of these omplexes is that the operators Lk
have the struture of a omposition
Lk = δQk+1d
whereQk+1 is from a family of dierential operators, parametrised by k = −1, · · · , n/2−
1, and whih, as operators on losed forms, generalise Branson's Q-urvature; in
partiular under onformal resaling of the metri g 7→ ĝ = e2ωg (ω ∈ C∞) these
have the onformal transformation formula
Qˆk u = Qku+ Lk(ωu) for u a losed k-form,
Q01 is the Q-urvature and L0 is the dimension order GJMS operator of [32℄. On
losed forms these Q-operators have the formQk+1 = (dδ)
n/2−k−1+lower order terms,
so in the ase of Riemannian signature the omplexes (1) are ellipti. Writing HkL
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for the (onformally invariant) ohomology at k, for the omplex (1), it follows
that on ompat Riemannian manifolds HkL is nite.
The ompositionGk := δQk is a onformal gauge ompanion operator for Lk and
also for the exterior derivative d. What this means is that the systems (Lk, Gk)
and (d,Gk) are, in a suitable sense, onformally invariant and, in the ase of
Riemannian signature, are graded injetively ellipti. For example the null spae
HkG of (d,Gk) is onformally stable and, as pointed out in [7℄, is a andidate for a
spae of onformal harmonis. Some perspetive on these objets is given by the
sequene
(2) 0→ Hk−1 → Hk−1L
d
→HkG → H
k, k ∈ {1, 2, · · · , n/2}
where Hk indiates the usual de Rham ohomology. The map Hk−1 → Hk−1L is
the obvious inlusion, sine L fators through the exterior derivative. The map
HkG → H
k
is that whih simply takes solutions of (d,Gk) to their ohomology lass.
It is immediate from the denitions of the spaes that the sequene is exat, but
it is an open question whether in general the nal map HkG → H
k
is surjetive.
When it is we say that the spae is (k − 1)-regular [7℄.
We present here a study of all of these spaes and operators speialised to the
setting of an Einstein struture. By exploiting some reent developments we obtain
a treatment whih, surprisingly, obtains most of the results in a uniform way in all
signatures and without assuming the manifold is ompat. As indiated above the
motivation is manifold. The ohomology spaes, and related strutures, mentioned
above are learly fundamental to onformal geometry. An important problem is
to disover what data they apture. On the other hand there is the opportunity
to shed light on Einstein strutures whih form an important lass of geometries
whih remain rather mysterious; for example there are very few non-existene re-
sults for ompat Riemannian Einstein spaes, while the onstrution of examples
is primarily through Kähler geometry. The idea that this might be a rewarding
approah is suggested by the intimate relationship between onformal geometry
and Einstein strutures. Conformal strutures admit a natural onformally invari-
ant onnetion on a prolonged struture: this is the Cartan onnetion of [12℄, or
equivalently the indued struture is the onformal standard trator onnetion
that was already mentioned. An Einstein struture is equivalent to a suitably
generi parallel setion of this trator bundle and so is, in this sense, a type of
symmetry of onformal struture.
For ase of the onformal Laplaian type operators this last point was exploited
heavily in [24℄ where two of the three main results are as follows: on Einstein
manifolds the GJMS operators of [32℄ fator into ompositions of operators eah of
whih is of the form of a onstant potential Helmholtz Laplaian; the Q-urvature
is onstant and (up to a universal onstant) simply a power of the salar urvature.
(See also [21℄ where similar results are obtained using dierent tehniques.) Here
we develop the analogous theory for operators on dierential forms. In fat we do
muh more. A rst step is that we obtain fatorisations of the key operators whih
generalise those from [24℄ (to our knowledge suh fatorisations are new even for the
onformally at Einstein setting). On the other hand in [30, 31℄ we show that if the
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fators Pi : V → V (for some vetor spae V), in a omposition P := P0P1 · · ·Pℓ of
mutually ommuting operators, are suitably relatively invertible then the general
inhomogeneous problem Pu = f deomposes into an equivalent system Piui = f ,
i = 0, · · · , ℓ. This is used extensively in the urrent work to redue, on non-Rii
at Einstein manifolds, the generally high order onformal operators to equivalent
lower order systems. The outome is that in any signature (and without any
assumption of ompatness) on non-Rii at Einstein manifolds we an desribe
the spaes N (Lk) (the null spae of Lk), and HkG expliitly as a diret sum of
Hkσ := N (d) ∩N (δ) and the (possibly trivial) eigenspaes,
H
k
σ,λ := {f ∈ E
k | dδf = λf}, H˜kσ,λ := {f ∈ E
k | δdf = λf},
for various expliitly known λ ∈ R. (Here σ denotes the Einstein sale in the
onformal lass, see Setion 5.) See in partiular Proposition 5.3 and (25), and
note that for λ 6= 0 the displayed spaes give the R(d) (range of d) and R(δ) parts
of the form Laplaian eigenspae {f ∈ Ek | (dδ + δd)f = λf}. We also ome to
a simple deomposition for HkL (see expression (27)) and other onformal spaes
from [7℄.
Stronger results are available in the ompat Riemannian setting and these
are summarised in Theorem 6.4. Observe, in partiular, that this shows that all
ompat Riemannian Einstein even manifolds are k-regular for k = 0, 1 · · · , n/2−
1, and that, in this setting, Hkσ agrees with the usual spae of harmonis for
the form Laplaian. From the k-regularity it follows that the global onformally
invariant pairings on HkG, as dened in [8℄, desend to a onformal quadrati form
on de Rham ohomology. See Theorem 6.5, and also Proposition 6.2 whih shows
that, in the Einstein ase, the pairing is given by a power of the salar urvature;
in fat by a formula whih generalises the formula from [24℄ for Q-urvature on
Einstein manifolds. Also in Theorem 6.5 we show that the onformal pairing,
via Q-operators, of losed forms against forms in N (Lk) desends to a losed
form pairing. See the Remark following Theorem 6.5, whih emphasises that this
also gives a result for the usual Q-urvature. Some of the results for ompat
Riemannian manifolds ould be obtained by using, at the outset, the omplete
spetral resolution of the form Laplaian. However doing this oneals the fat
that, for the most part, the same results are available even when we do not have
aess to diagonalisations of the basi operators.
The development is as follows. Setion 2.1 summarises some basi onformal
geometry, trator results, and identities to be used. In Setion 3 we onstrut
Laplaian operators on weighted trator bundles. This is in the spirit of [24℄, but
there is an algebrai adjustment to the basi operators. Using these Laplaian
power operators, in setion 4 we derive formulae for the key operators, Lk, Qk,
and so forth, in the Einstein setting. The main result is Theorem 4.2. In fat
in ontrast to the onstrution in [7℄ (whih heavily uses the Feerman-Graham
ambient metri), these operators are developed and dened diretly using invariant
trator operators. That we reover the operators from [7℄ is the the main subjet
of Setion 7. In eah ase the operators are given in terms of ompositions of
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ommuting operators. This enables, in Setion 5, the use of the tools from [30℄ as
reounted in Theorem 5.1.
The rst author would like to thank the Royal Soiety of New Zealand for
support via Marsden Grant no. 06-UOA-029. The seond author was supported
from Basi Researh Center no. LC505 (Eduard eh Center for Algebra and
Geometry) of the Ministry of Eduation of Czeh Republi. We are appreiative
of the areful reading by the referee; this exposed a number of typographial errors
in the original manusript.
2. Bakground: Einstein metris and onformal geometry
We rst sketh here notation and bakground for general onformal strutures
and their trator alulus following [11, 27℄. The latter is then used to desribe
operators that we will need ating on trator forms and some key identities are
developed. Some parts of the treatment are speialised to Einstein manifolds.
2.1. Conformal geometry and trator alulus. LetM be a smooth manifold
of dimension n ≥ 3. Reall that a onformal struture of signature (p, q) on M is
a smooth ray subbundle Q ⊂ S2T ∗M whose bre over x onsists of onformally
related signature-(p, q) metris at the point x. Setions of Q are metris g on M .
The prinipal bundle π : Q →M has struture group R+, and eah representation
R+ ∋ x 7→ x
−w/2 ∈ End(R) indues a natural line bundle on (M, [g]) that we term
the onformal density bundle E[w]. We shall write E [w] for the spae of setions
of this bundle. Here and throughout, setions, tensors, and funtions are always
smooth. When no onfusion is likely to arise, we will use the same notation for a
bundle and its setion spae.
We write g for the onformal metri, that is the tautologial setion of S2T ∗M⊗
E[2] determined by the onformal struture. This will be used to identify TM
with T ∗M [2]. For many alulations we will use abstrat indies in an obvious
way. Given a hoie of metri g from the onformal lass, we write ∇ for the
orresponding Levi-Civita onnetion. With these onventions the Laplaian ∆ is
given by ∆ = gab∇a∇b = ∇b∇b . Note E[w] is trivialised by a hoie of metri
g from the onformal lass, and we write ∇ for the onnetion arising from this
trivialisation. It follows immediately that (the oupled)∇a preserves the onformal
metri.
Sine the Levi-Civita onnetion is torsion-free, the (Riemannian) urvature
Rab
c
d is given by [∇a,∇b]vc = Rabcdvd where [·, ·] indiates the ommutator braket.
The Riemannian urvature an be deomposed into the totally trae-free Weyl ur-
vature Cabcd and a remaining part desribed by the symmetri Shouten tensor Pab,
aording to Rabcd = Cabcd + 2gc[aPb]d + 2gd[bPa]c, where [· · · ] indiates antisym-
metrisation over the enlosed indies. We shall write J := P aa. The Cotton tensor
is dened by
Aabc := 2∇[bPc]a.
Under a onformal transformation we replae a hoie of metri g by the metri
gˆ = e2ωg, where ω is a smooth funtion. Expliit formulae for the orresponding
transformation of the Levi-Civita onnetion and its urvatures are given in e.g.
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[27℄. We reall that, in partiular, the Weyl urvature is onformally invariant
Ĉabcd = Cabcd.
We next dene the standard trator bundle over (M, [g]). It is a vetor bundle
of rank n+2 dened, for eah g ∈ [g], by [EA]g = E [1]⊕Ea[1]⊕E [−1]. If ĝ = e
2Υg,
we identify (α, µa, τ) ∈ [EA]g with (α̂, µ̂a, τ̂ ) ∈ [EA]bg by the transformation
(3)
 α̂µ̂a
τ̂
 =
 1 0 0Υa δab 0
−1
2
ΥcΥ
c −Υb 1
αµb
τ
 ,
where Υa := ∇aΥ. It is straightforward to verify that these identiations are
onsistent upon hanging to a third metri from the onformal lass, and so taking
the quotient by this equivalene relation denes the standard trator bundle T , or
EA in an abstrat index notation, over the onformal manifold. (Alternatively the
standard trator bundle may be onstruted as a anonial quotient of a ertain 2-
jet bundle or as an assoiated bundle to the normal onformal Cartan bundle [10℄.)
On a onformal struture of signature (p, q), the bundle EA admits an invariant
metri hAB of signature (p+ 1, q + 1) and an invariant onnetion, whih we shall
also denote by ∇a, preserving hAB. In a onformal sale g, these are given by
(4) hAB =
0 0 10 gab 0
1 0 0

and ∇a
αµb
τ
 =
 ∇aα− µa∇aµb + gabτ + Pabα
∇aτ − Pabµb
 .
It is readily veried that both of these are onformally well-dened, i.e., inde-
pendent of the hoie of a metri g ∈ [g]. Note that hAB denes a setion of
EAB = EA ⊗ EB, where EA is the dual bundle of EA. Hene we may use hAB and
its inverse hAB to raise or lower indies of EA, EA and their tensor produts.
In omputations, it is often useful to introdue the `projetors' from EA to the
omponents E [1], Ea[1] and E [−1] whih are determined by a hoie of sale. They
are respetively denoted by XA ∈ EA[1], ZAa ∈ EAa[1] and YA ∈ EA[−1], where
EAa[w] = EA ⊗ Ea ⊗ E [w], et. Using the metris hAB and gab to raise indies, we
dene XA, ZAa, Y A. Then we immediately see that
YAX
A = 1, ZAbZ
A
c = gbc,
and that all other quadrati ombinations that ontrat the trator index vanish.
In (3) note that α̂ = α and hene XA is onformally invariant.
Given a hoie of onformal sale, the trator-D operator DA : EB···E[w] →
EAB···E [w − 1] is dened by
(5) DAV := (n+ 2w − 2)wYAV + (n+ 2w − 2)ZAa∇
aV −XAV,
where V := ∆V +wJV . This also turns out to be onformally invariant as an be
heked diretly using the formulae above (or alternatively there are onformally
invariant onstrutions of D, see e.g. [22℄).
The urvature Ω of the trator onnetion is dened by
[∇a,∇b]V
C = Ωab
C
EV
E
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for V C ∈ EC. Using (4) and the formulae for the Riemannian urvature yields
(6) ΩabCE = ZC
cZE
eCabce − 2X[CZE]
eAeab
We will also need a onformally invariant urvature quantity dened as follows
(f. [22, 23℄)
(7) WBC
E
F :=
3
n− 2
DAX[AΩBC]
E
F ,
where ΩBC
E
F := ZB
bZC
cΩbc
E
F . In a hoie of onformal sale, WABCE is given by
(8)
(n− 4)
(
ZA
aZB
bZC
cZE
eCabce − 2ZAaZBbX[CZE]
eAeab
−2X[AZB]bZCcZEeAbce
)
+ 4X[AZB]
bX[CZE]
eBeb,
where
Bab := ∇
cAacb + P
dcCdacb.
is known as the Bah tensor. From the formula (8) it is lear that WABCD has
Weyl tensor type symmetries.
We will work with onformally Einstein manifolds. That is, onformal strutures
with an Einstein metri in the onformal lass. This is the same as the existene of
a non-vanishing setion σ ∈ E [1] satisfying
[
∇(a∇b)0 + P(ab)0
]
σ = 0, where (. . .)0
indiates the trae-free symmetri part over the enlosed indies. Equivalently
(see e.g. [1, 26℄) there is a standard trator IA that is parallel with respet to the
normal trator onnetion ∇ and suh that σ := XAIA is non-vanishing. It follows
that IA :=
1
n
DAσ = YAσ+Z
a
A∇aσ−
1
n
XA(∆+ J)σ, for some setion σ ∈ E [1], and
so XAIA = σ is non-vanishing. If we ompute in the sale σ, then for example
WABCD = (n− 4)ZaAZ
b
BZ
c
CZ
d
DCabcd.
2.2. Trator forms. Following [7℄ we write Ek[w] for the spae of setions of
(ΛkT ∗M)⊗E[w] (and Ek = Ek[0]). Further we put Ek[w] := Ek[w + 2k − n]. The
spae of losed k-forms shall be denoted by Ck ⊆ Ek.
In order to be expliit and eient in alulations involving bundles of possibly
high rank it is neessary to employ abstrat index notation as follows. In the usual
abstrat index onventions one would write E[ab···c] (where there are impliitly k-
indies skewed over) for the spae Ek. To simplify subsequent expressions we use
the following onventions. Firstly indies labelled with sequential supersripts
whih are at the same level (i.e. all ontravariant or all ovariant) will indiate a
ompletely skew set of indies. Formally we set a1 · · · ak = [a1 · · · ak] and so, for
example, Ea1···ak is an alternative notation for E
k
while Ea1···ak−1 and Ea2···ak both
denote Ek−1. Next, following [29℄ we abbreviate this notation via multi-indies:
We will use the forms indies
a
k := a1 · · · ak = [a1 · · · ak], k ≥ 0,
a˙
k := a2 · · · ak = [a2 · · · ak], k ≥ 1.
If k = 1 then a˙k simply means the index is absent. The orresponding notations
will be used for trator indies so e.g. the bundle of trator kforms E[A1···Ak] will
be denoted by EA1···Ak or EAk .
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The struture of EAk is
(9) E[A1···Ak] = EAk ≃ E
k−1[k] +
✞
✝
(
Ek[k]⊕ Ek−2[k − 2]
)
+
✞
✝ Ek−1[k − 2];
in a hoie of sale the semidiret sums
+
✞
✝ may be replaed by diret sums and
otherwise they indiate the omposition series struture arising from the tensor
powers of (3).
In a hoie of metri g from the onformal lass, the projetors (or splitting
operators) X, Y, Z for EA determine orresponding projetors X,Y,Z,W for EAk+1 ,
k ≥ 1 These exeute the splitting of this spae into four omponents and are given
as follows.
Y
k
= Y
a1··· ak
A0A1···Ak
= Y
ak
A0Ak
= YA0Z
a1
A1 · · ·Z
ak
Ak
∈ Ea
k
Ak+1
[−k − 1]
Z
k
= Z
a1··· ak
A1···Ak
= Z
ak
Ak
= Z a
1
A1 · · ·Z
ak
Ak
∈ Ea
k
Ak
[−k]
W
k
= W
a1···ak
A′A0A1···Ak = W
ak
A′A0Ak = X[A′YA0Z
a1
A1 · · ·Z
ak
Ak] ∈ E
ak
Ak+2
[−k]
X
k
= X
a1··· ak
A0A1···Ak = X
ak
A0Ak = XA0Z
a1
A1 · · ·Z
ak
Ak ∈ E
ak
Ak+1
[−k + 1]
where k ≥ 0. The supersript k in Yk, Zk, Wk and Xk shows the orresponding
tensor valene. (This is slightly dierent than in [7℄, where k is the relevant trator
valene.) Note that Y = Y0, Z = Z1 and X = X0 and W0 = X[A′YA0]. From (4)
we immediately see ∇pYA = ZaAPpa, ∇pZ
a
A = −δ
a
pYA − P
a
pXA and ∇pXA = ZAp.
From this we obtain the formulae (f. [29℄)
∇pY
a
k
A0Ak = Ppa0Z
a0 ak
A0Ak + kP
a1
p W
a˙
k
A0Ak
∇pZ
a0 ak
A0Ak = −(k + 1)δ
a0
p Y
ak
A0Ak − (k + 1)P
a0
p X
ak
A0Ak
∇pW
a˙
k
A0Ak = −gpa1Y
a
k
A0Ak + Ppa1X
a1a˙k
A0Ak
∇pX
ak
A0Ak = gpa0Z
a0 ak
A0Ak − kδ
a1
p W
a˙k
A0Ak ,
(10)
whih determine the trator onnetion on form trators in a onformal sale.
Similarly, one an ompute the Laplaian∆ applied to the trators X, Y, Z andW.
As an operator on form trators we have the opportunity to modify ∆ by adding
some amount of W♯♯, where ♯ denotes the natural tensorial ation of setions in
End(EA). Analogously, we shall use C♯♯ to modify the Laplaian on forms; here ♯
denotes the natural tensorial ation of setions in End(Ea). It turns out (f. [7℄)
that it will be onvenient for us to use the operator
∆/ =
{
∆+ 1
n−4
W♯♯ n 6= 4
∆ n = 4.
(Note ∆ = ∇a∇a.) Sine the Laplaian is of the seond order, it is onvenient
to onsider e.g. ∆/Y a˙
A
τa˙ where τa˙ ∈ Ea˙[w]. It will be suient for our purpose to
alulate this only in an Einstein sale. For example, using (10) and then that
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Pab = gabJ/n, we have
∇p∇pY
a˙
A
τa˙ =∇
p
[
Ppa1Z
a
A
+ (k − 1)P a
2
p W
a¨
A
+ Y a˙
A
∇p
]
τa˙
=− Y a˙
A
[(
δd+ dδ + (1−
2(k−1)(n−k+1)
n
)J + C♯♯
)
τ
]
a˙
+
2
nk
Z
a
A
(Jdτ)a −
2(k−1)
n
W
a¨
A
(Jδτ)a¨ −
n−2k+2
n2
X
a˙
A
J2τa˙,
where, as usual, A = Ak and a = ak. Summarising, one an ompute that in an
Einstein sale we obtain
−∆/Y a˙
A
τa˙ = Y
a˙
A
[(
δd+ dδ + (1−
2(k−1)(n−k+1)
n
)J
)
τ
]
a˙
−
2
nk
Z
a
A
(Jdτ)a +
2(k−1)
n
W
a¨
A
(Jδτ)a¨ +
n−2k+2
n2
X
a˙
A
J2τa˙
−∆/Za
A
µa = −2kY
a˙
A
(δµ)a˙ + Z
a
A
[(
δd+ dδ −
2k(n−k−1)
n
J
)
µ
]
a
−
2k
n
X
a˙
A
(Jδµ)a˙
−∆/W a¨
A
νa¨ =
2
k−1
Y
a˙
A
(dν)a˙ +W
a¨
A
[(
δd+ dδ −
2(k−3)(n−k+2)
n
J
)
ν
]
a¨
−
2
n(k−1)
X
a˙
A
(dν)a˙
−∆/X a˙
A
ρa˙ = (n−2k+2)Y
a˙
A
ρa˙ − 2(k−1)W
a¨
A
(δρ)a¨
−
2
k
Z
a
A
(dρ)a + X
a˙
A
[(
δd+ dδ + (1−
2(k−1)(n−k+1)
n
)J
)
ρ
]
a˙
.
(11)
if either n = 4, k = 1 or n 6= 4, f. [37, (1.50)℄. Here τa˙ ∈ Ea˙[w], µa ∈ Ea[w],
νa¨ ∈ Ea¨[w] and ρa˙ ∈ Ea˙[w] where a = ak, k ≥ 1 and w is any onformal weight.
2.3. Useful identities. Here we rst introdue and disuss some identities that
hold on a general onformal manifold.
Reall that sequentially labelled indies are assumed to be skew over, e.g.
A1A2 = [A1A2]. The operator
(12) DA1A2 = −2(wWA1A2 + X
a
A1A2∇a)
was introdued in [23℄. Also reall the denition of the trator WB1B2C1C2 in (7).
By replaing ∆ by ∆/ in (5) we obtain the onformally invariant operator
D/A =
{
DA −
1
n−4
XAW♯♯ n 6= 4
DA n = 4.
The ase n 6= 4 of this operator was introdued in [7℄. In ontrast to D, and
surprisingly, the ommutator of D/ is algebrai (f. the ommutator of D in [27℄)
for n 6= 4:
[D/A,D/B] =
n+ 2w − 2
n− 4
[
(n + 2w − 4)WAB♯− (DABW )♯♯
]
f, n 6= 4.(13)
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This an be heked by a diret omputation, or alternatively by a rather simple
alulation using the ambient metri and its links to trators as in Setion 7. For
n = 4 we have [D/A,D/B] = [DA, DB], see [27℄ for the latter. Note one an moreover
show that for n 6= 4, the operator DA−yXAW♯♯, y ∈ R has algebrai ommutator
only for the value y = 1
n−4
.
Proposition 2.1. DA1A2 and WB1B2C1C2 have the following properties:
(i) D[A1A2WB1B2]C1C2 = 0
(ii) DA1
PWPA2B1B2 = −WA1A2B1B2.
Proof. We shall use the form indies A = A2, B = B2 and C = C2 throughout
the proof. Both identities an be veried by the diret omputation. To simplify
the omputation note that alternatively [37℄ we have
WBC =
[
(n− 4)Zb
B
− 2Xb
2
B
∇ b
1]
ΩbC ∈ EBC[−2].
(i) Using the relations W[AX
b
B] = X
a
[AX
b
B] = X
b
[AWB] = 0 (whih follow from
X[AXB] = 0) we obtain
D[AWB]C =− 2(n− 4)W[AZ
b
B]ΩbC − 2(n− 4)X
a
[AY
b
B]ΩabC
+ (n− 4)X a[AZ
b
B]∇aΩbC − 2X
a
[AZ
b
B]gab1∇
pΩpb2C.
Now learly the rst two terms on the right hand side add up to 0 and the remaining
ones both vanish.
(ii) Clearly WA1
P
Z
a1a2
PA2 = XA1
Pa1
XP
a2
A2 = 0. Thus
DA1
PWPA2B = −2
{
4(n− 4)WA1
P
XP
a2
A2∇
qΩqa2B
+ (n− 4)XA1
Pp
[
−2YP
a2
A2Ωpa2B + Z
a1a2
PA2∇pΩaB
]
+ XA1
Pp
[
−2Z a
1a2
PA2 gpa1 + 2WPA2δ
a2
p
]
∇qΩqa2B
}
.
Now usingWA1
P
XP
a2
A2 =
1
4
X
a2
A
, XA1
PpZ a
1a2
PA2 =
1
2
X
a2
A
gpa
1
and XA1
Pp
YP
a2
A2 = −
1
4
Z
pa2
A
−
1
4
WAg
pa2
the proposition follows. 
Lemma 2.2. (i) Let IA ∈ EA be a parallel trator. Then IPDPQWQA2B1B2 = 0
and IPDP [A0WA1A2]B1B2 = 0.
(ii) Let IA, I¯A ∈ EA be a two parallel trators. Then IA
1
I¯A
2
DA1A2WB1B2C1C2 =
0.
Proof. Reall any parallel trator IA satises IA
1
WA1A2B1B2 = 0 [26℄. Thus the
rst relation of (i) follows by applying IA
1
to Proposition 2.1 (ii) and the seond
relation of (i) by applying IA
1
to Proposition 2.1 (i). Similarly, (ii) follows by
applying IA
1
I¯A
2
to Proposition 2.1 (i). 
3. Einstein manifolds: onformal Laplaian operators on trators
We assume that the struture (M, [g]) is onformally Einstein, and write σ ∈ E [1]
for some Einstein sale from the onformal lass. Then IA := 1
n
DAσ is parallel
and XAIA = σ is nonvanishing.
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The operator  = ∆+wJ ating on trator bundles of the weight w is invariant
only if n+ 2w− 2 = 0. On the other hand the sale σ (or equivalently IA), yields
the operator
(14) / σ := I
AD/A : EB···E [w] −→ EB···E [w − 1]
whih is well dened for any w, f. [24℄. Thus we an onsider the omposition
(/ σ)
p
, p ∈ N and we set (/ σ)0 := id. These operators generally depend on the
hoie of the Einstein sale but one has the following modiation of [24, Theorem
3.1℄.
Theorem 3.1. Let σ, σ¯ be two Einstein sales in the onformal lass and onsider
the operators
1
σp
(/ σ)
p,
1
σ¯p
(/ σ¯)
p : EB···E[w] −→ EB···E[w − 2p],
for p ∈ Z≥0. If w = p− n/2 then
1
σp
(/ σ)
p = 1
σ¯p
(/ σ¯)
p
.
Proof. Assume w = p−n/2 and denote the Einstein metri orresponding to σ by
g := σ−2g. Then 1
σp
(/ σ)
p
is very similar to the operator P gp given by [24, (19)℄. The
dierene is, beside the sign, that we have replaedDA in the denition of P
g
p byD/A
in the denition of
1
σp
(/ σ)
p
. Thus our statement is analogous to [24, Theorem 3.1℄
for the operators P gp . We an follow the proof of the latter theorem literally; the
dierene between DA andD/A appears only in the ommutator in the last display
in the proof of [24, Theorem 3.1℄. In our ase, we need the ommutator [D/A,D/B]
instead of that display and to nish the proof it remains to show that IAI¯B[D/A,D/B]
vanishes on density valued trator elds. Here IA = 1
n
DAσ, I¯B = 1
n
DBσ¯ are
parallel trators orresponding to the Einstein sales σ, σ¯. But this follows from
(13), Lemma 2.2 (ii) and the fat IA
1
WA1A2B1B2 = 0. 
4. Einstein manifolds: Q-operators, gauge operators and detour
omplexes
The main aim here is to reover, in the Einstein setting, the dierential om-
plexes (1), the Q-operators and the related onformal spaes, as dened in [7℄.
In that soure the Feerman-Graham ambient metri is used to generate the op-
erators whih form the building bloks of the theory. In ontrast here, in the
onformally Einstein setting, all the operators are redisovered diretly using the
trator operators. However in Setion 7 we use the ambient metri to establish
that we do have exatly the speialisation of the operators and spaes from [7℄;
see the omment following expression (19) and Proposition 7.1.
Here we work on an Einstein manifold in an Einstein sale σ ∈ E [1]. The rst
step is the onformally invariant dierential splitting operator
Ma
A
: Ea −→ EA[−k]
Ma
A
fa =
n− 2k
k
Z
a
A
fa + X
a˙
A
(δf)a˙.
(15)
where A = Ak and a = ak. This is a speial ase of the operator M from [29℄ (up
to the multiple k).
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Let IA := 1
n
DAσ be the Einstein trator for σ ∈ E [1]. Sine IA = Y Aσ− 1
n
XAσJ
in the sale σ, it follows from (14) that
(16) / σ = σ(−∆/ − 2
w
n
(n + w − 1)J) : EB···E[w] −→ EB···E[w − 1]
in the sale σ. For any dierential operator E : Ek → Ek we have the ompositions
(17) P pk [E] :=
p∏
i=1
(
E +
2i(n− 2k − i+ 1)
n
J
)
for p ≥ 1. We set P pk [E] := id for p ≤ 0. Note that P
p
k an be onsidered as a
polynomial in E.
Next we dene the operator
(18) L
p
k :=
1
σp
(/ σ)
pMa
A
: Ea[w] −→ EA[w − k − 2p]
for p ≥ 0 where (/ σ)0 := id. We put Lk := L
p
k for p =
n+2w−2k
2
. It follows from
Theorem 3.1 that Lk is independent on the hoie of the Einstein sale σ.
Now we are ready to state the main tehnial step of our onstrution.
Theorem 4.1. Let fa ∈ Ea where a = ak and p ≥ 1. Then omputing in the
Einstein sale σ we obtain
(Lpkf)a =− p(n− 2k − 2p)Y
a˙
A
[δP p−1k [dδ]f ]a˙
+
1
k
Z
a
A
[(n− 2k − 2p)dδP p−1k [dδ]f + (n− 2k)δdP
p−1
k+1 [δd]f ]a
+ X a˙
A
[δ(dδ +
p(n− 2k + 2)
n
J)P p−1k [dδ]f ]a˙.
Proof. It is easy to show by a diret omputation (using (10) and (11)) that the
theorem holds for p = 1. Now assume, by indution, that the theorem holds for a
xed p ∈ N. To verify the theorem for p+ 1 we need to ompute
(Lp+1k f)a =
1
σp+1
/ σ(/ σ)
pMa
A
fa
=
1
σp+1
σ
(
−∆/ + 2
k + p
n
(n− k − p− 1)J
)
(/ σ)
pMa
A
fa
=
(
−∆/ + 2
k + p
n
(n− k − p− 1)J
)
(Lpkf)a
where the multiple of J follows from (16) and from the onformal weight of
(/ σ)
pMa
A
fa ∈ EA[−k − p]. Sine the theorem yields the formula for (L
p
kf)a we
an ontinue in the omputation using (10) and (11). The rest of the proof is to
nish this omputation. Let us show at least the top slot. Using (10), (11) and
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the formula for (Lpkf)a we obtain
Y
a˙
A
[
− p(n− 2k − 2p)δdδP p−1k [dδ]f
− p(1−
2(k − 1)(n− k + 1)
n
)(n− 2k − 2p)JδP p−1k [dδ]f
− 2(n− 2k − 2p)δdδY (p− 1)f
+ (n− 2k + 2)δ(dδ +
p(n− 2k + 2)
n
J)P p−1k [dδ]f
− 2
k + p
n
(n− k − p− 1)p(n− 2k − 2p)JδP p−1k [dδ]f
]
a˙
.
Summing up appropriate terms, we obtain that this is exatly
−(p + 1)(n− 2k − 2(p+ 1))Ya˙
A
[δP pk [dδ]f ]a˙.
The omputation of remaining slots is similar and the theorem follows. 
Now let us assume that the dimension n is even and k ∈ {1, . . . , n
2
}. Then
putting p = n−2k
2
≥ 0 in Theorem 4.1, we obtain
(19) (Lkf)a =
2p
k
Z
a
A
(
δdP p−1k+1 [δd]f
)
a
+ X a˙
A
(
δP pk [dδ]f
)
a˙
.
for fa ∈ Ea. It follows from Proposition 7.1 that Lk ating on Ea agrees with
the operator Lk dened in [7℄ up to a nonzero salar multiple. Thus we have the
following results for the operators Gσk , Q
σ
k and Lk from [7℄.
Theorem 4.2. In an Einstein sale σ we have, up to a nonzero salar multiple,
the formula
(20) δ
n−2k
2∏
i=1
(
dδ +
2i(n− 2k − i+ 1)
n
J
)
.
for the operator Gσk of [7℄
Gσk : E
k → Ek−1.
As an operator on losed k-forms, up to a nonzero salar multiple, we have:
Qσk =
n−2k
2∏
i=1
(
dδ +
2i(n− 2k − i+ 1)
n
J
)
.(21)
Note that at the k = n/2 extreme these are taken to mean Gσn/2 = δ and Q
σ
n/2 = id.
Proof. Note that setting p = n−2k
2
in Theorem 4.1, the oeient of Y vanishes
in the display and the left-hand-side of the display is the operator Lk of [7℄. The
oeient of X is thus Gσk as in Theorem 4.5 of [7℄. This gives the formula pre-
sented. Here we have used the fat that the fator dδ+ p(n−2k+2)
n
J , with p = n−2k
2
,
of the oeient of X appears as a omposition fator in P pk [dδ] (the fator with
i = p in (17)).
Now by Theorem 2.8 of [7℄ and its proof we have that Gσk = δQ
σ
k and Q
σ
k is
formally self-adjoint. Thus the formal adjoint Gσ,∗k of G
σ
k is Q
σ
kd : E
k−1 → Ek. On
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the other hand sine Qσk is a dierential operator it follows from this that G
σ,∗
k
determines the given formula for Qσk as an operator on losed forms. 
Observe that from (21) we have immediately the following useful observation.
Corollary 4.3. On Einstein manifolds and in an Einstein sale Qσk : C
k → Ck.
The operator Gσk ating on losed forms will be denoted by Gk : C
k → Ek−1. It
follows from (19) that Gk is onformally invariant (reall it is dened as projetion
to the X-slot of (19)).
Corollary 4.4. In an Einstein sale σ the onformally invariant detour operator
Lk : Ek → Ek is given, up to a nonzero salar multiple, by
Lk = δ
n−2k−2
2∏
i=1
(
dδ +
2i(n− 2k − i− 1)
n
J
)
d
for k < n/2. Moreover we set Ln/2 = 0.
Proof. On a general manifold we have Lk = δQ
σ
k+1d from Theorem 2.8 of [7℄. Hene
the statement follows from the formula Qσk+1 from (21). 
Remark 4.5. Observe that the operators Lk, and the fat that they have the form
δMd, may be extrated diretly from expression (19). Thus, in this onformally
Einstein setting, we obtain detour omplexes as in (1) from (19). Of ourse these
were developed on general onformal manifolds in [7℄ but the onstrution in the
onformally Einstein setting here is independent of [7℄. Proposition 7.1 is only
used here to verify that it is (the speialisation of) the same omplex and also to
make the onnetion to the Q-operators from [7℄.
We have onstruted the operator Lk (thus also G
σ
k , Q
σ
k and Lk) for k ∈
{1, . . . , n
2
} as we assumed the latter range in (19). However formulae (20) for Gσk ,
(21) for Qσk and Corollary 4.4 for Lk make sense also for k = 0 [24℄; the operators
Qσ0 and L0 formally agree, up to a nonzero salar multiple, with the orrespond-
ing operators Qg and n/2 from [24℄. Further we put L0 := L0. Here and below
g = σ−2g is the Einstein metri. So heneforth we shall assume k ∈ {0, . . . , n
2
}.
5. Deompositions of the onformal spaes
We work on a general (possibly nonompat) onformally Einstein even dimen-
sional manifold (M, [g]) of signature (p, q). As usual we write σ to denote an
Einstein sale. If not stated otherwise, we assume k ∈ {0, . . . , n
2
} and we put
E−1 := 0. The spae HkG = N (Gk : C
k −→ Ek−1), where Gk := δQσk , is onformally
invariant [7℄, and we shall term it the spae of onformal harmonis.
We shall desribe HkG in more details. As mentioned in the Introdution, we
will use the notation
H
k
σ,λ := {f ∈ E
k | dδf = λf}, H˜kσ,λ := {f ∈ E
k | δdf = λf}
and Hkσ := N (d) ∩ N (δ)
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where λ ∈ R. Then Hkσ ⊆ H
k
σ,0 + H˜
k
σ,0. Note that if λ 6= 0 then H
k
σ,λ ⊂ R(d), and
similarly H˜kσ,λ ⊂ R(δ).
As well as HkG, we shall also study the null spaes of the operators Gk and Lk.
Our treatment relies on the following observation:
Theorem 5.1. Let V be a vetor spae over a eld F. Suppose that E is a linear
endomorphism on V, and P = P [E] : V → V is a linear operator polynomial in E
whih fators as
P [E] = (E − λ1) · · · (E − λp)
where the salars λ1, . . . , λp ∈ F are mutually distint. Then the solution spae
VP , for P , admits a anonial and unique diret sum deomposition
(22) VP = ⊕
ℓ
i=1Vλi ,
where, for eah i in the sum, Vλi is the solution spae for E − λi. The projetion
Proji : VP → Vλi is given by the formula
Proji = yi
j=p∏
i 6=j=1
(E − λj) where yi =
j=p∏
i 6=j=1
1
λi − λj
.
This is a speial ase of Theorem 1.1 from [30℄. To use this result in our setting
we need the following result.
Lemma 5.2. The onstants
−
2i(n− 2k − i+ 1)
n
, i ∈ N, k ∈ {0, · · · , n− 1},
are mutually distint and negative for i = 1, . . . , n−2k
2
.
Proof. Assume that the salar
2i(n− 2k − i+ 1)− 2j(n− 2k − j + 1) = 2(i− j)[n− 2k − (i+ j) + 1]
is equal to zero for some i, j = 1, . . . , n−2k
2
. This an happen only if i = j or
n − 2k − (i + j) + 1 = 0. But the latter possibility annot happen as i, j ≤ n−2k
2
means i + j ≤ n − 2k. Thus the disussed salars are mutually distint. The
salars are negative sine for the ranges onsidered i ≥ 1, and 2i ≤ n− 2k implies
that i+ 2k ≤ n− i < n + 1. 
Denition: We dene the salars:
(23) λki := −
2i(n− 2k − i+ 1)
n
J, i ∈ N, k ∈ {0, · · · , n− 1},
where, reall, J is the trae of the Shouten tensor. So on Einstein manifolds these
salars are onstant and, if J 6= 0 then these are non-zero and mutually distint.
Proposition 5.3. Let (M, g) be an Einstein manifold whih is not Rii at.
We will use the salars λki from (23) and put p =
n−2k
2
. The null spae of the
onformally invariant operator Lk : Ek → Ek dened in Corollary 4.4 is
N (Lk) = H˜
k
σ,0 ⊕
p−1⊕
i=1
H˜k
σ,λk+1i
, k ∈ {0, . . . ,
n
2
− 1},
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and N (Ln/2) = En/2 = En/2.
Proof. The ase k = n/2 is obvious so assume k ∈ {0, . . . , n
2
− 1}. Sine Lk =
δP p−1k+1 [dδ]d aording to Corollary 4.4 and P
p−1
k+1 [dδ]d = dP
p−1
k+1 [δd] we get Lk =
δdP p−1k+1 [δd]. Now the Proposition follows from Theorem 5.1 for E = δd and Lemma
5.2. 
Note that Ck ⊆ H˜kσ,0, C
k ∩⊕p−1i=1 H˜
k
σ,λk+1
i
= {0}, and ⊕p−1i=1 H˜
k
σ,λk+1
i
⊆ R(δ) for k 6= n
2
.
Lemma 5.4. Let (M, g) be an Einstein manifold whih is not Rii at. In the
Einstein sale σ, the null spae of the operator Gσk : E
k → Ek−1 given by (20) is
(24) N (Gσk) = N (δ)⊕
p⊕
i=1
H
k
σ,λki
,
where the salars λki are from (23) and p =
n−2k
2
.
Proof. Observe Gσk = δP
p
k [dδ] = P
p
k [δd]δ. We will work in the Einstein sale σ
throughout the proof. The ase k = n
2
is obvious so we assume k < n
2
.
Let us start the inlusion ⊇. Clearly N (δ) ⊆ N (Gσk). Further suppose that
f ∈ H
k
σ,λj
for some j ∈ 1, . . . , n−2k
2
. This means dδf = λkj f using the denition
of H
k
σ,λk
j
. The omposition fators in (21), whih yields the formula for P pk [dδ],
ommute and one of these fators is dδ − λkj . Hene P
p
k [dδ]f = 0 whih means
f ∈ N (Gσk).
Now we disusses the inlusion N (Gσk) ⊆ N (δ) ⊕
⊕p
i=1H
k
σ,λki
. From Lemma
5.2 it follows that the λki for i = 1, . . . , p are mutually distint. First observe
N (Gσk) ⊆ N (dδP
p
k [dδ] : E
k → Ek) sine Gσk = δP
p
k [dδ]. It follows from Theorem
5.1 (where we put E = dδ) that f ∈ N (dδP pk [dδ]) an be uniquely written in the
form f = f¯ +
∑p
i=1 fi where
f¯ = y¯
[ p∏
j=1
(dδ − λkj )
]
f and fi = yi dδ
[ j=p∏
i 6=j=1
(dδ − λkj )
]
f, i = 1, . . . , ℓ
where y¯ and yi are appropriate salars, and this deomposition satises dδfi = λ
k
i fi
for i = 1, . . . , p and dδf¯ = 0. Note the last display means f¯ = y¯P pk [dδ]f .
Now onsider this deomposition for f ∈ N (Gσk). The ondition dδfi = λ
k
i fi
means fi ∈ H
k
σ,λki
. Further applying δ to f¯ = y¯P pk [dδ]f , we obtain δf¯ = y¯δP
p
k [dδ]f =
y¯Gσkf = 0. Hene f¯ ∈ N (δ). 
Theorem 5.5. Let (M, g) be an Einstein manifold whih is not Rii at. We use
λki to denote the salars from (23) and put p =
n−2k
2
. The onformally invariant
spae HkG = N (Gk : C
k −→ Ek−1) is given by the diret sum
(25) HkG = H
k
σ ⊕
p⊕
i=1
H
k
σ,λki
.
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Proof. By the denition, HkG is equal to the intersetion N (G
σ
k) ∩ N (d). Sine
N (Gσk) = N (δ)⊕
⊕p
i=1H
k
σ,λki
aording to Lemma 5.4, and H
k
σ,λki
⊆ R(d) ⊆ N (d),
we obtain HkG = (N (δ) ∩ N (d))⊕
⊕p
i=1H
k
σ,λki
. 
As disussed in the Introdution, a onformally invariant ohomology spae may
be dened:
HkL := N (Lk)/R(d) ,
where of ourse d means d : Ek−1 → Ek, as is lear by ontext. From the denitions
of the various spaes it follows automatially that this ts into the omplex (2) of
[7℄. Here and below we put H−1 := 0 and H−1L := 0.
Let us work on a non Rii-at Einstein manifold. To disuss (2) we note that
we have mappings
(26) H
k
σ,λ
δ
−→ H˜k−1σ,λ and H˜
k−1
σ,λ
d
−→ H
k
σ,λ.
In the ase λ 6= 0 this is a bijetive orrespondene as f
δ
7→ δf
d
7→ dδf = λf for
f ∈ H
k
σ,λ and similarly for the opposite diretion. In partiular
d :
n−2k
2⊕
i=1
H˜k−1
σ,λki
→
n−2k
2⊕
i=1
H
k
σ,λki
,
is a bijetion. Using this it is easily veried that our results above are onsistent
with (2) in the sense that from Proposition 5.3 and (25) one veries that (2) is
exat at HkG. Also sine ⊕
n−2k
2
i=1 H˜
k−1
σ,λki
intersets trivially with R(d) it follows that,
in the Einstein sale σ,
(27) Hk−1L =
n−2k
2⊕
i=1
H˜k−1
σ,λki
⊕
(
H˜k−1σ,0 /R(d)
)
.
The spaes H∗L also ontribute to another exat omplex on even onformal
manifolds,
(28) 0→ Hk−1 → Hk−1L
d
→Hk
L
→ HkL , k ∈ {0, 1, · · · , n/2}
whih is a tautologial onsequene of the denition: Hk
L
= N (Lk). In analogy
with (2), surjetivity of the last map is not known in general. This motivates
studying N (Lk). From the results for the null spaes of Lk and Gk we have the
following.
Corollary 5.6. The null spae N (Lk), of Lk, is onformally invariant. On (M, g),
an Einstein manifold whih is not Rii at, N (Lk) is given by the diret sum:
N (Lk) =
(
N (δ) ∩ N (δd)
)
⊕
p−1⊕
i=1
H˜k
σ,λk+1i
⊕
p⊕
i=1
H
k
σ,λki
, 0 ≤ k ≤
n
2
− 1
where the salars λki are given in (23) and p =
n−2k
2
. Further N (Ln/2) = N (δ).
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Proof. The ase k = 0 follows from Proposition 5.3 and the ase k = n
2
is obvious.
Assume 1 ≤ k ≤ n
2
− 1. The onformal invariane follows from the onformally
invariane of Lk. In the sale σ, we have N (Lk) = N (Lk)∩N (Gσk) hene we need
intersetion of the diret sums in the displays of Proposition 5.3 and Lemma 5.4.
Sine H
k
σ,λki
⊆ N (δd) = H˜kσ,0 (by the denition of these spaes) for i = 1, . . . , p, we
obtain
N (Lk) ∩N (G
σ
k) = N (δ) ∩
[
H˜kσ,0 ⊕
p−1⊕
i=1
H˜k
σ,λk+1i
]
.
Sine similarly H˜k
σ,λk+1i
⊆ N (δ) for i = 1, . . . , p− 1, the statement follows. 
Returning to the sequene (28), exatness is easily veried using Corollary 5.6
and the bijetions (26). Note the diret summand N (δ)∩N (δd) from the previous
orollary satises
(29) N (δ) ∩ N (d) ⊆ N (δ) ∩N (δd) ⊆ N (dδ + δd) .
Remark. We an also study the spae N (Qσk : C
k → Ek). A diret appliation of
Theorem 5.1 shows that
N (Qσk : C
k → Ek) =
p⊕
i=1
H
k
σ,λki
⊆ R(d),
on (M, g) an Einstein manifold whih is not Rii at and with notation as above.
Let us, as usual, assume that (M, g) is Einstein and not Rii at. The operator
Qσk simplies on H
k
G. Considering (25), observe that Q
σ
k vanishes on H
k
σ,λki
⊆ HkG,
for eah of the nonzero salars λki ; this is beause the omposition fator dδ − λ
k
i
of Qσk vanishes on H
k
σ,λki
. Further, Qσk is a multiple of the identity on H
k
σ beause
δ vanishes on Hkσ. Using (25), we summarise this.
Proposition 5.7. Let (M, g) be an Einstein manifold whih is not Rii at. The
restrition of Qσk : C
k → Ek to the onformal harmonis HkG is given in the Einstein
sale σ as follows:
Qσk |Hk
σ,λk
i
= 0 and Qσk |Hkσ = s
kJ (n−2k)/2 id where
sk =
n−2k
2∏
i=1
2i(n− 2k − i+ 1)
n
.
Note the last display means sn/2 = 1.
The spae Bk = {df | Qσkdf ∈ R(δ)} ⊆ H
k
G is onformally invariant and in [7℄
plays a role in studying HkG. Clearly f
′ := df ∈ H
k
σ,λki
, i = 1, . . . , p := n−2k
2
satises
Qσkf
′ = 0 thus trivially f ′ ∈ Bk. Therefore
⊕p
i=1H
k
σ,λki
⊆ Bk.
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6. Compat onformally-Einstein spaes
Reall that for ϕ ∈ Ek, ψ ∈ Ek, and (M, [g]) ompat of signature (p, q), there
is the natural onformally invariant global pairing
(30) ϕ, ψ 7→ 〈ϕ, ψ〉 :=
∫
M
ϕ · ψ dµg,
where ϕ · ψ ∈ E [−n] denotes a omplete ontration between ϕ and ψ. When M
is orientable we have
〈ϕ, ψ〉 =
∫
M
ϕ ∧ ⋆ψ
where ⋆ is the onformal Hodge star operator.
This pairing ombines with the operator Qσk to yield other global pairings. For
example on ompat pseudo-Riemannian manifolds, there is a onformally invari-
ant pairing between N (Lk) and Ck given by
(31) (u, w) 7→ 〈u,Qkw〉 k = 0, 1, · · · , n/2
for w ∈ Ck and u ∈ N (Lk) [7, Theorem 2.9,(ii)℄. We want to examine this in
the Einstein setting. The ase k = n/2 just reovers (30) and so we fous on the
remaining ases.
We assume that (M, g) is even dimensional, Einstein and not Rii-at. Consider
〈u,Qkw〉 with w ∈ Ck, u ∈ N (Lk), k ∈ {0, · · ·n/2 − 1}. By Proposition 5.3 u
deomposes diretly: u = u0 + u1 where u0 ∈ H˜kσ,0 and u1 ∈ ⊕
p−1
i=1 H˜
k
σ,λk+1
i
. Now
u1 = δu
′
for some (k + 1)-form u′ so, integrating by parts,
〈u1, Q
σ
kw〉 = 〈u
′, dQσkw〉 .
But using Corollary 4.3 we have dQσkw = 0. We summarise this simpliation of
the pairing.
Lemma 6.1. On an even, Einstein, and non Rii-at, ompat manifold (M, g =
σ−2g) the pairing on N (Lk)× Ck desends to H˜kσ,0 × C
k
.
Note that for k = 0, H˜kσ,0 is the null spae of the Laplaian.
Next, on ompat pseudo-Riemannian manifolds, we reall that Qσk also gives
a onformally invariant quadrati form on HkG [8℄; this is given by (31) with now
u, w ∈ HkG. We write this as
(32) Θ˜ : HkG ×H
k
G → R .
By Proposition 5.7, this speialises as follows:
Proposition 6.2. On non Rii-at ompat even Einstein manifolds (M, g) the
quadrati form Θ˜ : HkG ×H
k
G → R desends to
Hkσ ×H
k
σ → R k ∈ {0, 1, . . . , n/2}
given by
(u, w) 7→ skJ
n−2k
2 〈u, w〉
where the onstant sk is given in Proposition 5.7.
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6.1. Compat Riemannian spaes. We now assume (M, g) is a ompat Ein-
stein manifold of Riemannian signature. As above we relate g to σ ∈ E+[1] by
g = σ−2g, we assume k ∈ {0, . . . , n
2
} and we set E−1 := 0. Many results from the
previous setion simplify in this setting. In partiular we may use the de Rham
Hodge deomposition Ek = R(d) ⊕ R(δ) ⊕ Hkσ and H
k
σ is the usual spae of de
Rham harmonis, that is Hkσ = N (dδ + δd)
∼= Hk. It also follows that the on-
tainments in (29) may be replaed by set equalities. Note also that, for example,
N (δd) = N (d).
Next observe that, sine the operators δd and dδ are positive, we have the
following from Lemma 5.2.
Proposition 6.3. If (M, g) is a positive salar urvature ompat Riemannian
Einstein manifold then
H˜k
′
σ,λki
= 0 and H
k′
σ,λki
= 0 k′ ∈ {0, · · · , n}
for the λki as in (23).
Using (29) and the related observations we have the following speialisations of
the results of Setion 5.
Theorem 6.4. Let (M, g) be a ompat Riemannian Einstein manifold of even
dimension. We have the exat sequenes
0→ Hk−1 → Hk−1L
d
→ HkG → H
k → 0,
and
0→ Hk−1 → Hk−1L
d
→Hk
L
→ HkL → 0.
In partiular (M, [g]) is (k − 1)-regular for k = 1, · · · , n/2.
Assume (M, g) is not Rii-at. With the salars λki as in (23) and p =
n−2k
2
we have:
N (Lk) = C
k ⊕
p−1⊕
i=1
H˜k
σ,λk+1i
, k < n/2.
HkG = H
k
σ ⊕
p⊕
i=1
H
k
σ,λki
.
N (Lk) = H
k
σ ⊕
p−1⊕
i=1
H˜k
σ,λk+1i
⊕
p⊕
i=1
H
k
σ,λki
, k < n/2,
while trivially we have N (Ln/2) = E
n/2
and N (Ln/2) = N (δ). In partiular, in the
ase of positive salar urvature: N (Lk) = Ck and N (Lk) = Hkσ for k < n/2, and
HkG = H
k
σ.
If (M, g) is Rii-at then
N (Lk) = C
k
and HkG = N (Lk) = H
k
σ for k < n/2.
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Note that in the non Rii-at ase HkG is formally as in (25), but now we have
Hkσ
∼= Hk.
The impliations for the global pairings are as follows. The rst statement in
the Theorem follows from Lemma 6.1, Theorem 6.4, and that H˜kσ,0 = C
k
in the
ompat Riemannian setting.
Theorem 6.5. Let (M, g) be a ompat Riemannian Einstein manifold of even di-
mension. The pairing on N (Lk)×C
k
, by (u, w) 7→ 〈u,Qkw〉, with k = 0, 1, · · · , n/2
desends to Ck × Ck. By Theorem 6.4, the quadrati form Θ˜ from (32) yields a
onformally invariant quadrati form
Hk ×Hk → R.
In the Einstein sale this is given by Proposition 6.2 where Hkσ are the usual har-
monis for g. In the Riiat ase this quadrati form is zero for k < n/2 and
reovers (30) for k = n/2.
The last statement of the Theorem uses expression (21) and Theorem 6.4.
Remark 6.6. Note that, for the ase of k = 0 and M onneted, the rst result
of the Theorem states that for f in the null spae of the dimension order GJMS
operator (reall L0 = ∆
n/2 + lower order terms)∫
fQ = c
∫
Q.
where c is a unique onstant suh that c − f ∈ R(δσ). (Here we write δσ to em-
phasise that, although the display is onformally invariant, to write the dierene
c− f as a divergene requires working in the Einstein sale.)
Corollary 6.7. Put p := n−2k
2
. In an Einstein sale the spae Bk is given as
follows:
Bk =
{
⊕pj=1H
k
σ,λki
J 6= 0
0 J = 0.
7. The Fefferman-Graham ambient metri
Thus let us review briey the basi relationship between the Feerman-Graham
ambient metri onstrution and trator alulus as desribed in [11℄ for general
onformal manifolds.
Let π : Q → M be a onformal struture of signature (p, q). Let us use ρ to
denote the R+ ation on Q given by ρ(s)(x, gx) = (x, s2gx). An ambient manifold
is a smooth (n + 2)-manifold M˜ endowed with a free R+ation ρ and an R+
equivariant embedding i : Q → M˜ . We write X ∈ X(M˜) for the fundamental
eld generating the R+ation, that is for f ∈ C∞(M˜) and u ∈ M˜ we have
Xf(u) = (d/dt)f(ρ(et)u)|t=0.
If i : Q → M˜ is an ambient manifold, then an ambient metri is a pseudo
Riemannian metri h of signature (p + 1, q + 1) on M˜ suh that the following
onditions hold:
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(i) The metri h is homogeneous of degree 2 with respet to the R+ation, i.e.
if LX denotes the Lie derivative by X, then we have LXh = 2h. (I.e. X is a
homotheti vetor eld for h.)
(ii) For u = (x, gx) ∈ Q and ξ, η ∈ TuQ, we have h(i∗ξ, i∗η) = gx(π∗ξ, π∗η).
To simplify the notation we will usually identify Q with its image in M˜ and
suppress the embedding map i.
To link the geometry of the ambient manifold to the underlying onformal stru-
ture onM one requires further onditions. In [20, 21℄ Feerman and Graham treat
the onstrution of a formal power series solution, along Q, for the Goursat prob-
lem of nding an ambient metri h satisfying (i) and (ii) and the ondition that it
be Rii at, i.e. Ri(h) = 0. In even dimensions for a general onformal struture
this is obstruted at nite order. However when the underlying onformal stru-
ture is (onformally) Einstein then an expliit Rii-at ambient metri is available
[33, 34, 35℄. (In fat also more generally a similar result is available for ertain
produts of Einstein manifolds [25℄.) Here we shall use only the existene part
of Rii-at ambient metri. The uniqueness of the operators we will onstrut
is a onsequene of the fat that they an be uniquely expressed in terms of the
underlying onformal struture as in [11, 27℄.
It turns out that one may arrange that h is a metri satisfying the onditions
above (i.e. (i) and (ii) and with h Rii at to the order possible) with Q :=
h(X,X) a dening funtion for Q, and 2h(X, ·) = dQ to all orders in both
odd and even dimensions. We write ∇ for the ambient Levi-Civita onnetion
determined by h. We will use upper ase abstrat indies A,B, · · · for tensors on
M˜ . For example, if vB is a vetor eld on M˜ , then the ambient Riemann tensor
will be denoted RAB
C
D and dened by [∇A,∇B]v
C = RAB
C
Dv
D
. In this notation
the ambient metri is denoted hAB and, with its inverse, this is used to raise and
lower indies in the usual way. We will not normally distinguish tensors related in
this way even in index free notation; the meaning should be lear from the ontext.
Thus for example we shall use X to mean both the Euler vetor eld XA and the
1-form XA = hABX
B
.
Let E˜(w) denote the spae of funtions on M˜ whih are homogeneous of degree
w ∈ R with respet to the ation ρ. That is f ∈ E˜(w) means thatXf = wf . Sim-
ilarly a tensor eld F on M˜ is said to be homogeneous of degree w if ρ(s)∗F = swF
or equivalently LXF = wF . Just as setions of E [w] are equivalent to funtions
in E˜(w)|Q we will see that the restrition of homogeneous tensor elds to Q have
interpretations on M as weighted setions of trator bundles [11, 27℄.
On the ambient tangent bundle TM˜ we dene an ation of R+ by s · ξ :=
s−1ρ(s)∗ξ. The setions of TM˜ whih are xed by this ation are those whih are
homogeneous of degree −1. Let us denote by T the spae of suh setions and
write T (w) for setions in T ⊗ E˜(w), where the ⊗ here indiates a tensor produt
over E˜(0). Along Q the R+ ation on TM˜ is ompatible with the R+ ation on
Q, so the quotient (TM˜ |Q)/R+, is a rank n + 2 vetor bundle over Q/R+ = M ;
in fat this is (up to isomorphism) the normal standard trator bundle T (or EA)
[11, 27℄ and the omposition struture of T reets the vertial subbundle TQ in
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TM˜ |Q. Setions of T are equivalent to setions of TM˜ |Q whih are homogeneous
of degree −1, that is setions of T |Q. Using this relationship one sees that the
ambient metri h and the ambient onnetion ∇ desend to, respetively the
trator metri h, and the trator onnetion ∇T . For the metri this is obvious.
We disuss the onnetion briey. For U ∈ T , let U˜ be the orresponding setion
of T |Q. A tangent vetor eld ξ onM has a lift to a homogeneous degree 0 setion
ξ˜, of TM˜ |Q, whih is everywhere tangent to Q. This is unique up to adding fX,
where f ∈ E˜(0)|Q. We extend U˜ and ξ˜ smoothly and homogeneously to elds on
M˜ . Then we an form∇ξ˜U˜ ; along Q, this is learly independent of the extensions.
Sine ∇XU˜ = 0, the setion ∇ξ˜U˜ is also independent of the hoie of ξ˜ as a lift
of ξ. Finally, the restrition of ∇ξ˜U˜ is a homogeneous degree −1 setion of TM˜ |Q
and so determines a setion of T whih depends only on U and ξ. This is ∇T U .
Finally we will say that an ambient tensor F is homogeneous of weight w if
∇XF = wF . The weight is a onvenient shifting of homogeneity degree. Note,
for example, that an ambient 1-form U˜ whih is homogeneous of degree −1 is
homogeneous of weight 0 and this means that ∇X U˜ = 0.
7.1. The main result. In Setion 4 several operators were dened on onformally
Einstein manifolds diretly using trator alulus and the parallel trator of the
Einstein struture. On the other hand in [7℄ operators with the same notation
were dened on general onformal manifolds via the Feerman-Graham ambient
metri, and its link to trator alulus. The aim of this setion is simply to show
that these agree (up to a nonzero multiple).
Proposition 7.1. Assume n even and k ∈ {1, . . . , n
2
}. On Einstein manifolds the
operator Lk dened by (19) agrees with the operator with the same notation in [7℄.
The operators Lk and G
σ
k from Setion 4 also agree with the operators of the same
notation in [7℄.
Here agree means the operator is the same up to a non-zero multiple, and we
will not pay attention to the detail of what this onstant fator is.
On the ambient manifold a speial role is played by dierential operators P on
ambient tensor bundles whih at tangentially along Q, in the sense that PQ =
QP ′ for some operator P ′ (or equivalently [P,Q] = QP ′′ for some P ′′). Note that
ompositions of tangential operators are tangential. If tangential operators are
homogeneous (i.e. the ommutator with the Lie derivative LX reovers a onstant
multiple of the operator) then they desend to operators on M . An example of a
tangential operator is given by
(n + 2w − 2)∇+X∆/ =:D/ : T Φ(w)→ T ⊗ T Φ(w − 1)
where T
Φ(w) indiates the spae of setions, homogeneous of weight w, of some
ambient tensor bundle, and
∆/ = ∆−R♯♯.
Here we use the Laplaian∆ := −∇A∇A for ompatibility with [7℄. We will leave
the veriation thatD/ is tangential to the reader, but note this also follows from
the result that (n+2w−2)∇+X∆ =:D : T Φ(w)→ T ⊗T Φ(w−1) is tangential
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as disussed in [27, 11℄. Sine this is tangential and homogeneous it desends to an
operator on weighted trators. In fat it gives the usual trator-D operator [27, 11℄.
The ambient R♯♯ similarly desends (in dimensions n 6= 4) to a multiple of W♯♯.
Thus ating on weighted trator bundles [28℄. Thus T
Φ(w) → T ⊗ T Φ(w − 1)
desends to T Φ(w)→ T ⊗T Φ(w−1) in dimensions other than 4. (Here T Φ means
the trator bundle orresponding to T
Φ
.) Heneforth for (M, [g]) of dimension 4
we takeD/ :=D, rather then the denition above.
Now if (M, [g]) is onformally Einstein and I a parallel trator orresponding
to an Einstein sale then along Q in M˜ we have a orresponding parallel vetor
eld I. From the expliit formula for the ambient metri over an Einstein manifold
ones sees that I extends to a parallel vetor eld on M˜ . (In fat when the Einstein
sale is not Rii at then the ambient metri is given as a produt of the metri
one with a line.) We have (on T
Φ[w])
IAD/A = (n + 2w − 2)I
A
∇A + σ∆/ ,
where σ = IAX
A ∈ E˜(1). Note that σ is a homogeneous funtion on Q orre-
sponding to σ = IAX
A
.
Thus if we extend a tensor eld U ∈ T Φ(w)|Q o Q in suh a way that
IA∇AU = 0 (whih implies U ∈ T
Φ(w)) then we get simply
IAD/A = σ∆/ .
Note that IA∇AU = 0 an be ahieved by starting with a setion along Q and
then extending o Q by parallel transport. The key point here is that IAXA is
non-vanishing, at least in a neighbourhood of Q, and so IA∇A is not tangential
to Q.
Next observe that, sine σ = IAX
A
and IA is parallel, we have
∇Aσ = IA ,
whih is parallel. Thus
(33) [∆/,σ] = [∆,σ] = 2IA∇A
where we onsider σ as a multipliation operator.
The following observations will be useful.
Lemma 7.2. If R denotes the ambient urvature then IA∇AR = 0.
Proof. By the Bianhi identity
IA∇ARBC
D
E + I
A
∇CRAB
D
E + I
A
∇BRCA
D
E = 0.
But I is parallel whih implies that [∇, I] = 0 and IARAB
D
E = 0 = I
ARCA
D
E .
So the result follows. 
Lemma 7.3. If U is an ambient tensor suh that IA∇AU = 0 then, for any
p ∈ N ∪ {0}, IA∇A(∆/
pU) = 0
Proof. Clearly, ating on any ambient tensor, we have [IA∇A,∇B] = 0. Thus
IA∇A ommutes with the Bohner Laplaian∆. On the other hand by denition
∆/ diers from the Bohner by a urvature ation: ∆/−∆ = −R♯♯, while from the
previous Lemma the ambient urvature is parallel along the ow of IA∇A. 
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The main tehnial result we need is this.
Proposition 7.4. For f an ambient form homogeneous of weight k−n/2 we have
(IAD/A)
kf = σk∆/kf ,
along Q.
Proof. First note that both sides are tangential operators. For the right-hand-side
this is proved in [7℄. For the left-hand-side it holds simply beauseD/ is tangential
and I is parallel on the ambient manifold. So neither side an depend on the
transverse (to Q) derivatives of the homogeneous f .
Now the result is true if k = 1. Also, alulating along Q,
(IAD/A)
kf = (IBD/B)
k−1IAD/Af
and so by indution
(IAD/A)
kf = σk−1∆/k−1IAD/Af .
Sine the result is independent of transverse derivatives we may hoose the exten-
sion o Q to suit. Thus we assume without loss of generality that IA∇Af = 0.
Then IAD/Af = σ∆/f and so
σk−1∆/k−1(IAD/A)f = σ
k−1
∆/k−1(σ∆/f ).
So from (33) and Lemma 7.3 the result follows. 
By Proposition 3.2 of [7℄, the operator∆/m is homogeneous and ats tangentially
on ambient dierential forms of weight m− n/2. Thus it desends to an operator
that we denote∆/m on form-trators of weightm−n/2. From the above Proposition
we obtain immediately the following results.
Corollary 7.5. On onformally Einstein manifolds (M, [g]) the invariant operator
∆/m : T k[m − n/2] → T k[−m − n/2], m ∈ {0, 1, 2, · · · }, is formally self-adjoint
and given by
∆/m = σ
−m(IAD/A)
m
where σ−2g is an Einstein metri on M and I = 1
n
Dσ. In odd dimensions these
are natural operators. In even dimensions the same is true with the restritions
that either m ≤ n/2 − 2; or m ≤ n/2 − 1 and k = 1; or m ≤ n/2 and k = 0.
In the onformally at ase the operators are natural with no restritions on m ∈
{1, 2, . . .}.
Proof. The statements on naturality are extrated from [7℄. It only remains to
establish the laim that the operator is formally self-adjoint. But this is immediate
from the formula for the right-hand-side from (16) beause IAD/A = / σ aording
to (14). 
Finally we are ready to prove the main result:
Proof of Proposition 7.1 : By expression (40) from [7℄ and the fat that ∆/m, as
in Corollary 7.5, is formally self-adjoint we have that the operator Lk from [7℄ is
given by
Lk := ∆/ ℓι(D/ )ε(X)qk ,
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where the notation is from that soure. But it is a straightforward alulation to
verify that, up to a non-zero multiple, ι(D/ )ε(X)qk is exatly the operator M from
(15). (See also [37, 2.1.2 and (2.8)℄ where the speial ase k = 2 is treated in
detail.) So the result now follows from the Corollary and (18) where w = 0 and
p = n−2k
2
. 
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